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In this paper, leader–follower formation and reconfiguration problems based on the periodic orbits of the

nonlinear relative dynamics along a circular orbit are considered. First, initial conditions of coplanar and

noncoplanar relative orbits are characterized by the initial true anomaly,meanmotion, semimajor axis, eccentricity,

and inclination angle of the follower’s inertial orbit. Based on the property of null controllability with vanishing

energy of the Hill–Clohessy–Wiltshire equations, L1 suboptimal feedback controllers are designed via the linear

quadratic regulator theory. Simulation results for three examples are given. A comparison with the reconfiguration

problem based on the periodic orbits of the Hill–Clohessy–Wiltshire equations shows that replacement by nonlinear

periodic orbits does not increase the L1-norm of the feedback control.

I. Introduction

T HE relative motion of one satellite with respect to another in a
circular orbit is described by autonomous nonlinear differential

equations. The linearized equations around the null solution were
introduced by Clohessy and Wiltshire [1] to analyze satellite
rendezvous and are now known as the Hill–Clohessy–Wiltshire
(HCW) equations [2–4]. Since then, the HCW equations have been
used by many authors to study rendezvous problems (see [5] and
references therein). Typical problems involve fixed-time and fixed-
end conditions, impulsive maneuvers, and total velocity change as a
cost function, and optimal solutions are sought. Prussing [6,7]
derived two-, three-, and four-impulse solutions. Carter [8] and
Carter and Brient [5,9] obtained necessary and sufficient conditions
for optimal solutions for both HCW equations and Tschauner–
Hempel (TH) equations, which are linearized equations of the
relative motion along an eccentric orbit. A general but succinct
formulation of rendezvous problems is given in [5] and optimal
solutions are derived in an elementary manner. Jezewski and
Donaldson [10] considered a free-time problem and obtained two-
impulse solutions. The Space Shuttle project in the 1980s and
expected future space missions in those days led to a new concept of
formation flying, and the HCW equations were used by many
researchers to study formation problems. In formation flying, the
satellite in the circular reference orbit is often referred to as a leader
and the other is a follower. In earlier days, formationkeeping
problems were studied in which the final desired state was the origin.
Vassar and Sherwood [11] assumed impulse maneuvers at given
sampling times and employed the discrete-time linear quadratic
regulator (LQR) theory. Leonard et al. [12] used three-valued
differential drag between two satellites for controlling the relative
motion. Redding et al. [13] proposed a controller based on
feedforward control and the discrete-time LQR theory.Motivated by

new developments in propulsion technologies, Kapila et al. [14]
employed pulse control and designed stabilizing feedback controls
by the discrete-time LQR theory.

The HCW equations possess periodic solutions, which are useful
as temporary orbits beforemission and for proximity operations such
as inspection and repair. They are also used for satellite formation.
Kang et al. [15] used feedback linearization and the continuous-time
LQR theory to track a periodic solution of the HCW equations.
Campbell [16] considered a reconfiguration problem between two
periodic solutions and formulated a minimum-time problem and a
minimum-fuel problem, in which the time interval is finite and the
cost function is the absolute integral of the thrust. Schaub [17]
derived the description of the relative orbit in terms of orbit element
differences for both circular and eccentric reference orbits. Vaddi
et al. [18] considered formation and reconfiguration problems using
orbit element differences and obtained a two-impulse solution.
Palmer [19] considered a finite-time formation problem, inwhich the
square integral of the thrust accelerations is minimized and analytic
solutions for the thrust functions are given. Periodic solutions of the
TH equations, which give relative orbits along an eccentric reference
orbit, were characterized by Inalhan et al. [20], and the initialization
procedure to periodic motion was given.

It is well known in the LQR theory that a large penalty on control
results in smaller inputs [15]. For a certain class of linear systems, the
L2-norm of the feedback control given by the LQR theory tends to
zero as the penalty on control becomes infinitely large. This property
is referred to as null controllability with vanishing energy (NCVE)
and was introduced for infinite-dimensional systems by Priola
and Zabczyk [21], together with necessary and sufficient conditions.
A more precise definition is given as follows. A linear system is null
controllable with vanishing energy (also denoted by NCVE) if any
state can be steered to the origin by a control with an arbitrarily small
L2-norm, as the control duration becomes arbitrarily large. Recently,
it was noted by Shibata and Ichikawa [22] that the HCW system
with three independent thrusters is NCVE. This property ensures the
design of a feedback controller with an arbitrary small L2-norm
through the LQR theory taking a small (large) penalty matrix on state
(control, respectively). Using periodic solutions of HCW equations,
Shibata and Ichikawa [22] considered formation and reconfiguration
problems by feedback control. The main performance index is the
L1-norm of the feedback control, which corresponds to the total
velocity change. Numerical simulations with various initial and final
conditions show that the L1-norm of the feedback control designed
by the LQR theory decreases monotonically with L2-norm as the
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penalty on control becomes arbitrarily large. Using this fact, L1

suboptimal controllers were designed and applied to the nonlinear
relative dynamics. The notion of NCVE was extended by Ichikawa
[23] to discrete-time systems and periodic systems. An open-time
reconfiguration problem with impulsive maneuvers was studied by
Ichimura and Ichikawa [24], and optimal three impulse controls for
the HCW system were derived. Noting that the discretized system
inherits NCVE [23], l1 suboptimal impulsive feedback controls were
designed and applied to the nonlinear relative dynamics. Shibata and
Ichikawa [22] also showed the NCVE property of the TH equations
with three independent thrusters and considered the reconfiguration
problem along an eccentric reference orbit using the LQR theory of
the periodic system [25].

In [15,22,24], designed feedback controls were applied to the
original nonlinear relative dynamics. However, periodic relative
orbits used for formation are not those of the nonlinear relative
dynamics, but those of the HCWequations. Tomaintain these orbits,
control inputs are necessary for all time, even though they might be
small. In this paper, periodic orbits of the HCW system are replaced
by those of the original nonlinear relative dynamics, and the corres-
ponding formation and reconfiguration problems are considered.

Periodic solutions of the nonlinear relative dynamics were used by
Gurfil [26] for the initialization problem, in which given initial
conditions of the nonlinear relative dynamics are adjusted by a single
impulse to those of a periodic solution. Using an energy-matching
condition, the initialization problem with minimum velocity change
was solved. However, this method is not applicable to a formation
problem with a given relative orbit or to a reconfiguration problem.

The relative motion of the follower with respect to the leader is
periodic if and only if the follower is in an inertial orbit with its
semimajor axis equal to the radius of the circular reference orbit.
Using this fact, initial conditions of the nonlinear dynamics, which
yield periodic solutions, are explicitly determined by the initial
positions of two satellites in their inertial orbits. First, two inertial
orbits are assumed to be coplanar, and the initial positions of two
satellites are given in the perifocal reference frame associated with
the follower’s eccentric orbit. The corresponding initial conditions of
the nonlinear relative dynamics are characterized by the initial true
anomaly, mean motion, semimajor axis, and eccentricity of the
follower’s inertial orbit. The follower’s eccentric orbit is then rotated
around one of the axes of the perifocal reference frame in the orbit
plane, and in each case, initial conditions of periodic solutions are
characterized by the same parameters and the rotation angle. Initial
conditions of all noncoplanar relative orbits are generated by the
combination of two rotations.

Using these periodic solutions of the nonlinear relative dynamics,
formation and reconfiguration problems are formulated, and as in
[22], L1 suboptimal feedback controls are designed by the LQR
theory. To compare the performances of feedback controls, a
reconfiguration problem of Shibata and Ichikawa [22] is modified by
replacing the initial conditions of an HCW periodic orbit by those of
the periodic orbit of the nonlinear dynamics with the same initial
positions. Then L1- and L2-norms of the feedback controls and
settling times are computed. Two examples of a more general
coplanar orbit and a noncoplanar orbit are also given.

The paper is organized as follows. Section I is the Introduction.
Section II introduces the equations of the relative motion and their
state-space form. Section III gives the characterization of initial
conditions of periodic solutions of the nonlinear relative dynamics,
and Sec. IV formulates formation and reconfiguration problems.
Section V discusses the design of feedback controls, and Sec. VI
presents simulation results on three examples.

II. Equations of Relative Motion

Consider two satellites subject to the central gravity field of the
Earth, one of which is flying in a given circular orbit of radius R0

and is referred to as a leader, and the other flying nearby is
referred to as a follower. The relative motion of the follower with
respect to the leader is given by Newton’s equations of motion as
follows [4]:

�x� 2n _y� n2�R0 � x� �
�

R3
�R0 � x� � ux

�y��2n _x� n2y � �
R3
y� uy; �z�� �

R3
z� uz (1)

where the coordinate system �x; y; z� is fixed at the center of mass
of the leader; x, y, and z axes are along the radial direction, the
flight direction of the leader, and the normal direction, respec-
tively (see Fig. 1); � is the gravitational parameter of the Earth;
n� ��=R3

0�1=2 is the orbit rate of the leader; R� ��R0 � x�2
�y2 � z2�1=2; and ux, uy, and uz are the control accelerations. The
linearized equations around the null solution x� y� z� 0 are
given by

�x� 2n _y� 3n2x� ux (2)

�y��2n _x� uy (3)

�z��n2z� uz (4)

which are known as Hill–Clohessy–Wiltshire equations. The
in-plane motion is determined by Eqs. (2) and (3), and is inde-
pendent of the out-of-plane motion given by Eq. (4). The solution
of HCW equations is periodic if and only if the condition _y0 �
�2nx0 holds. In this case, the in-plane motion is given
by [22]

x�t� � a cos�nt� ��; y�t� � d � 2a sin�nt� �� (5)

where

a� ��3x0 � 2_y0=n�2 � � _x0=n�2�1=2; d� y0 � 2_x0=n

cos����1=a��3x0 � 2_y0=n�; sin��� _x0=�na� (6)

It forms an ellipse

x2

a2
� �y � d�

2

�2a�2 � 1 (7)

in the x–y plane and is useful for formation flying as well as
proximity operations such as inspection and repair. Defining

x � � x y _x _y z _z �T; u� �ux uy uz �T

the HCW equations in the state-space form become

_x� Ax� Bu (8)

where

θ

X

Y

R
r

R0

n(t - t )0

Eccentric Orbit

Circular Orbit

x

y

tFollower at

tLeader at

a

Fig. 1 Leader and follower at t: coplanar.
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A�

0 0 1 0 0 0

0 0 0 1 0 0

3n2 0 0 2n 0 0

0 0 �2n 0 0 0

0 0 0 0 0 1

0 0 0 0 �n2 0

2
6666664

3
7777775
; B�

0 0 0

0 0 0

1 0 0

0 1 0

0 0 0

0 0 1

2
6666664

3
7777775

and Eq. (1) is rewritten in a semilinear form:

_x� Ax� Bu� Bg�x� (9)

where

g�x� �

2
4�3n2x � �R0 � x���=R3 � n2�
� y��=R3 � n2�
� z��z=R3 � n2�

3
5

III. Periodic Solutions of Relative Dynamics
and Their Initial Conditions

Although periodic solutions of the HCW equations given by
Eq. (5) are useful for formation flight and various other operations,
they are not free motions of Eq. (1), and hence control efforts are
required to maintain them. In this section, initial conditions of
periodic solutions of Eq. (1) will be characterized. Assume that the
follower is in an eccentric orbit �� �A0; e� in the inertial frame,
where A0 is the semimajor axis and e is the eccentricity vector. Let
�X; Y; Z� be its perifocal reference frame for which the origin is the
center of the Earth and theX axis is in the direction of the eccentricity
vector e. Assume first that two inertial orbits are coplanar, as shown
in Fig. 1, in which R and R0 are the position vectors of the follower
and the leader, respectively, and r is the relative position vector. If
the X coordinate of the perigee is A0 � a, then the eccentricity
e� jej � a=A0. Let t0 be the time at which the leader is in the
direction of e (on the X axis). Let ��t� be the true anomaly of the
follower, and set �0 � ��t0�. Next, the initial conditions of Eq. (1) at
t0 will be calculated. Recall that the relative motion of the follower is
periodic if and only if A0 � R0, because in this case, periods of the
circular and eccentric orbits coincide.

Note that r�t� in the �X; Y; Z� coordinate system is given by

r �t� �R�t� � R0�t� �
R�t� cos ��t� � R0 cos n�t � t0�
R�t� sin ��t� � R0 sinn�t� t0�

0

2
4

3
5 (10)

where R� jRj is given by

R�t� � p=�1� e cos ��t��; p� A0�1 � e2�

To find the relative velocity of the follower, the following lemma is
useful.

Lemma 1.

p _��t� �
�
�

p

�
1=2

�1� e cos ��t��2

p
d

dt

cos ��t� � �
1� e cos ��t� � �

�
�

p

�
1=2

�sin���t� � �� � e sin��

p
d

dt

sin ��t� � �
1� e cos ��t� �

�
�

p

�
1=2

�cos���t� � �� � e cos��

where � is an arbitrary phase angle.
The first equation follows from the Kepler’s second law

concerning the area velocity, and other two equalities are obtained by
direct differentiation.

Note that the angular velocity of the rotating frame �x; y; z� is
!� � 0 0 n �T and that the derivatives of r�t� in the �X; Y; Z� and
�x; y; z� frames denoted, respectively, by _r (dr=dt) and �r=�t are
related by the following equation [4]:

_r� dr
dt
� �r
�t
�! � r

Hence, the relative velocity �r=�t expressed in the �X; Y; Z�
coordinate system is given by

�r

�t
�t� � _r � ! � r�t� � _R� ! �R�t�

�
� n0A0��������

1�e2
p sin ��t� � nR�t� sin ��t�

n0A0��������
1�e2
p �cos ��t� � e� � nR�t� cos ��t�

0

2
664

3
775 (11)

where equalities �R0�t�=�t� 0 and ��=p�1=2 � n0A0=�1 � e2�1=2,
n0 � ��=A3

0�1=2, and Lemma 1 with �� 0 are used. Thus, the
relative velocity at t0 is

�r

�t
�t0� �

� n0A0��������
1�e2
p sin �0 � nA0�1�e2�

1�e cos �0
sin �0

n0A0��������
1�e2
p �cos �0 � e� � nA0�1�e2�

1�e cos �0 cos �0
0

2
64

3
75 (12)

Because �r=�t in two coordinate systems �X; Y; Z� and �x; y; z�
coincide at t0, Eq. (12) is also the relative velocity in the �x; y; z�
coordinate system. Hence, Eq. (10) with t� t0 and Eq. (12) give the
initial positions and velocities at t0: that is,

x�t0�
y�t0�
z�t0�

2
4

3
5�

A0�1�e2�
1�e cos �0 cos �0 � R0

A0�1�e2�
1�e cos �0 sin �0

0

2
64

3
75 (13)

_x�t0�
_y�t0�
_z�t0�

2
4

3
5� � n0A0��������

1�e2
p sin �0 � n0A0�1�e2�

1�e cos �0 sin �0
n0A0��������
1�e2
p �cos �0 � e� � n0A0�1�e2�

1�e cos �0
cos �0

0

2
64

3
75 (14)

The initial conditions can be directly derived from r�t� in the system
�x; y; z� given by

x�t�
y�t�
z�t�

2
4

3
5� R�t� cos���t� � n�t � t0�� � R0

R�t� sin���t� � n�t � t0��
0

2
4

3
5

In fact, t� t0 yields Eq. (13), and the derivative at t0 gives Eq. (14).
Equations (13) and (14) with A0 � R0 and n0 � n yield a periodic

solution of Eq. (1), and the following theorem holds.
Theorem 1. Let �� �R0; e� be an inertial coplanar eccentric orbit

of the follower. Let t0 be the time at which the leader is in the
direction of e, and let �0 � ��t0�. Then the relative motion of the
follower with respect to the leader is periodic, and the initial
conditions of Eq. (1) at t0 are given by

x�t0�
y�t0�
z�t0�

2
4

3
5�

R0�1�e2�
1�e cos �0

cos �0 � R0

R0�1�e2�
1�e cos �0 sin �0

0

2
64

3
75 (15)

_x�t0�
_y�t0�
_z�t0�

2
4

3
5� � nR0��������

1�e2
p sin �0 � nR0�1�e2�

1�e cos �0 sin �0
nR0��������
1�e2
p �cos �0 � e� � nR0�1�e2�

1�e cos �0 cos �0
0

2
64

3
75 (16)

UsingEqs. (15) and (16), periodic solutions of Eq. (1)with parameter
e are generated in the case �0 � 0 and depicted in Fig. 2.

Now consider noncoplanar orbits of the follower and their
associated initial conditions of Eq. (1). Most practical noncoplanar
orbits are generated by rotating coplanar orbits around theirX axis or
Y axis. For definiteness, consider the planar orbit �� �R0; e�, and
rotate it around the Y axis by an angle � in the negative direction (see
Fig. 3). Denote � �X; �Y; �Z� as the resulting perifocal reference frame;
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then Y � �Y. The position vector of the follower at time t in the

� �X; �Y; �Z� coordinate system is

R �t� �
R�t� cos ��t�
R�t� sin ��t�

0

2
4

3
5

and in the �X; Y; Z� coordinate system,

R �t� � C2���
R�t� cos ��t�
R�t� sin ��t�

0

2
4

3
5� R�t� cos ��t� cos�

R�t� sin ��t�
R�t� cos ��t� sin�

2
4

3
5 (17)

where C2��� is the rotation matrix:

C2��� �
cos� 0 � sin�
0 1 0

sin� 0 cos �

2
4

3
5

Hence, the relative position vector r in the �X; Y; Z� coordinate
system becomes

r �t� �
R�t� cos ��t� cos� � R0 cos n�t � t0�
R�t� sin ��t� � R0 sin n�t � t0�

R�t� cos ��t� sin�

2
4

3
5 (18)

The relative velocity expressed in the �X; Y; Z� coordinate system
is then

�r�t�
�t
� _r � ! � r�t� �r�t�

�t

�

� n0A0��������
1�e2
p sin ��t� cos�� nR�t� sin ��t�

n0A0��������
1�e2
p �cos ��t� � e� � nR�t� cos ��t� cos�

� n0A0��������
1�e2
p sin ��t� sin�

2
6664

3
7775 (19)

Hence, the initial conditions at t0 are given by

x�t0�
y�t0�
z�t0�

2
4

3
5�

A0�1�e2�
1�e cos �0 cos �0 cos �� R0

A0�1�e2�
1�e cos �0

sin �0
A0�1�e2�
1�e cos �0 cos �0 sin�

2
664

3
775 (20)

_x�t0�
_y�t0�
_z�t0�

2
4

3
5�

� n0A0��������
1�e2
p sin �0 cos�� nA0�1�e2�

1�e cos �0 sin �0
n0A0��������
1�e2
p �cos �0 � e� � nA0�1�e2�

1�e cos �0 cos �0 cos �

� n0A0��������
1�e2
p sin �0 sin�

2
664

3
775 (21)

Note that Eqs. (21) and (22) are reduced to Eqs. (13) and (14) if
�� 0. Setting A0 � R0 and n0 � n, initial conditions of a periodic
solution of Eq. (1) are obtained.

Theorem 2. Let �� �R0; e; �� be a noncoplanar eccentric orbit of
the follower. Let t0 be the time at which the leader is in the direction
of Pe, and let �0 � ��t0�, where P is the projection onto the orbit
plane of the leader. Then the relative motion of the follower with
respect to the leader is periodic, and the initial conditions of Eq. (1) at
t0 are given by

x�t0�
y�t0�
z�t0�

2
4

3
5�

R0�1�e2�
1�e cos �0

cos �0 cos �� R0

R0�1�e2�
1�e cos �0 sin �0

R0�1�e2�
1�e cos �0 cos �0 sin�

2
664

3
775 (22)

and

_x�t0�
_y�t0�
_z�t0�

2
4

3
5�

� nR0��������
1�e2
p sin �0 cos�� nR0�1�e2�

1�e cos �0 sin �0
nR0��������
1�e2
p �cos �0 � e� � nR0�1�e2�

1�e cos �0 cos �0 cos�

� nR0��������
1�e2
p sin �0 sin�

2
664

3
775 (23)

Now rotate the coplanar orbit �� �R0; e� around the X axis by an

angle� in the negative direction, and denote � �X; �Y; �Z� as the resulting
perifocal reference frame. Then, in this case, X� �X. The relative
position vector is given by Eq. (17) with C2� � replaced by C1���,
where

C1� � �
1 0 0

0 cos sin 
0 � sin cos 

2
4

3
5

and the initial conditions are given as follows:

x�t0�
y�t0�
z�t0�

2
4

3
5�

R0�1�e2�
1�e cos �0 cos �0 � R0

R0�1�e2�
1�e cos �0 sin �0 cos 

� R0�1�e2�
1�e cos �0

sin �0 sin 

2
664

3
775 (24)

and

_x�t0�
_y�t0�
_z�t0�

2
4

3
5�

� nR0��������
1�e2
p sin �0 � nR0�1�e2�

1�e cos �0 sin �0 cos 
nR0��������
1�e2
p �cos �0 � e� cos � nR0�1�e2�

1�e cos �0 cos �0

� nR0��������
1�e2
p �cos �0 � e� sin 

2
664

3
775 (25)

General noncoplanar orbits of the follower can be generated by two

successive rotations C2��� and C1� �. In fact, let � �X; �Y; �Z� and
� ~X; ~Y; ~Z� be the perifocal reference frames obtained by rotating
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 800

-2000-1500-1000-500 0 500 1000 1500 2000

x[
km

]

y[km]

e=0.1
e=0.07
e=0.05
e=0.03

Fig. 2 Periodic relative orbits (�0 � 0).

X

Y

X

Z

Eccentric Orbit

Circular Orbit

tLeader at
Y

θ

tFollower at

n(t - t )0

φ

Fig. 3 Leader and follower at t: noncoplanar.
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�X; Y; Z� around the Y axis by �� and then around the �X axis

by � successively: that is, C2���: � �X; �Y; �Z� ! �X; Y; Z� and

C1� �: � ~X; ~Y; ~Z� ! � �X; �Y; �Z�. The position vector of the follower at
time t in the � ~X; ~Y; ~Z� coordinate system is given by

R �t� �
R�t� cos ��t�
R�t� sin ��t�

0

2
4

3
5

and in the �X; Y; Z� coordinate system,

R �t� � C2���C1� �
R�t� cos ��t�
R�t� sin ��t�

0

2
4

3
5

The relative position vector r�t� and the relative velocity �r�t�=�t can
be calculated in the same way as Eqs. (18) and (19), which in
turn give the initial conditions of Eq. (1). Alternatively, let

C�q�: � ~X; ~Y; ~Z� ! �X; Y; Z� be the direction cosine matrix para-
metrized by the quaternions. Then the position vector R�t� in the

� ~X; ~Y; ~Z� coordinate system is given by the first equality of Eq. (17)
withC2��� replaced byC�q�, and the relative position vector and the
relative velocity can be calculated in a similar way.

IV. Formation and Reconfiguration Problems

In this section, formation and reconfiguration problems based on
the periodic relative orbits are formulated. First, a characterization of
relative orbits is given. Let �X0; Y0; Z0� be an inertial reference frame
such that the �X0; Y0� plane coincides with the orbit plane of the
leader. Let �� �A0; e� be a coplanar inertial orbit of the follower.
Then the relative orbit is determined by the initial time t0 and
the initial true anomaly �0, and hence it will be denoted by ��
�A0; e; t0; �0�. Similarly, the relative orbit corresponding to a
noncoplanar inertial orbit is denoted by � � �A0; e; t0; �0; �;  � if the
angles of successive rotations of the planar orbit around the Y axis

and the �X axis are�� and� , respectively. The formation problem
in a general form is described as follows. For a given initial relative
orbit �0 � �A0; e; t0; �0; �0;  0� and a final periodic orbit �f�
�R0; ef; tf0; �f0; �f;  f�, find a feedback control strategy such that
the solution of Eq. (9) starting from the initial orbit tracks �f
asymptotically. The performance index of the controller is the
L1-norm, which represents the total velocity change and hence fuel
consumption. If, in particular, the initial orbit is periodic [i.e.,
�0 � �R0; e0; t0; �0; �0;  0�], it is a reconfiguration problem. Note
that two orbits �0 and �f have different initial times, which is
inconvenient for control purposes. It will be subsequently shown
how to calculate the relative state of thefinal orbit at t0. Recall that the
relative dynamics of the follower is given by Eq. (9) so that

_x� Ax� Bu� Bg�x�; x�t0� � x0

where the initial condition x0 is determined by �0. To track �f, a
virtual satellite is introduced, which follows the free motion of
Eq. (9); that is,

_x f � Axf � Bg�xf�; xf�tf0� � xf0 (26)

where xf0 is determined by �f . Without loss of generality, the
inequality t0 > tf0 is assumed. For simplicity, consider a planar orbit

�f � �R0; ef; tf0; �f0� (see Fig. 4). Then the relative position and
velocity of the virtual satellite at t in the perifocal reference frame of
the final orbit �� �R0; ef� are given by

rf�t� �Rf�t� � R0�t�

�
Rf�t� cos��f�t� � n�t0 � tf0�� � R0 cos n�t � t0�
Rf�t� sin��f�t� � n�t0 � tf0�� � R0 sin n�t� t0�

0

2
64

3
75

where

Rf�t� � R0�1 � e2f�=�1� ef cos �f�t��

Hence, as in the previous section,

r f�t0� �
Rf�t0� cos��f�t0� � n�t0 � tf0�� � R0

Rf�t0� sin��f�t0� � n�t0 � tf0��
0

" #
(27)

and

�rf�t0�
�t

� _rf�t0� � ! � rf�t0� �

� nR0��������
1�e2

f

p �sin��f�t0� � n�t0 � tf0�� � ef sin n�t0 � tf0�� � nRf�t0� sin��f�t0� � n�t0 � tf0��
nR0��������
1�e2

f

p �cos��f�t0� � n�t0 � tf0��� � ef cos n�t0 � tf0�� � nRf�t0� cos��f�t0� � n�t0 � tf0��

0

2
664

3
775 (28)

where Lemma 1 with �� n�t0 � tf0� is used. The true anomaly
�f�t0� is determined by Kepler’s time equation,

n�t0 � tp� � Ef�t0� � ef sinEf�t0�

and the following relation:

cos �f�t0� �
cosEf�t0� � ef
1 � ef cosEf�t0�

whereEf is the eccentric anomaly, and the perigee passage time tp is
given by
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Fig. 4 Leader and virtual satellite at t: coplanar.
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n�tf0 � tp� � Ef�tf0� � ef sinEf�tf0�

cos �f�tf0� �
cosEf�tf0� � ef
1 � ef cosEf�tf0�

The initial condition xf�t0� is then obtained by rearranging Eqs. (27)
and (28). When �f is noncoplanar, the relative position and velocity
at t0 can be derived using rotational matrices.

In the next section, feedback controls such that x�t� � xf�t� ! 0
as t!1 are designed.

V. L1 Suboptimal Feedback Controllers

To design feedback controllers, the error dynamics

_�� A�� Bu� B�g�x� � g�xf�� (29)

are introduced, where �� x � xf. As a main performance index, the
L1-norm of a controller, which represents the fuel consumption, is
employed. Recall that the linear part of Eq. (29) is the HCW
system (8), which is null controllable with vanishing energy
(NCVE). This is a property that any state can be steered to the origin
with an arbitrary small amount of control energy in the L2 (square
integral) sense, provided that the time duration is free. The system (8)
is NCVE if and only if �A;B� is controllable andX � 0 is the unique
nonnegative solution of the singular algebraic Riccati equation:

ATX � XA � XBR�1BTX� 0 (30)

where R is any positive definite matrix. The second condition can be
replaced by amore explicit condition,Re� 	 0, for every eigenvalue
� of A [21,23]. The HCW system (8) is NCVE, because it is
controllable and the set of eigenvalues of A is f0; 0;
in:;
in:g. Let
X be the stabilizing solution of the algebraic Riccati equation:

ATX� XA � XBR�1BTX�Q� 0 (31)

where Q is a nonnegative matrix such that �
����
Q
p

; A� is detectable.
Apply the linear feedback control u��R�1BTXx to the HCW
system (8). Then, due to the NCVE property, the L2-norm of the
feedback control decreases to zero as Q decreases to zero (or,
equivalently, as R increases to infinity) for any initial condition of
Eq. (8). In [22], the reconfiguration problem for the HCW system
defined by

_x� Ax� Bu; x�0� � xH0 ; _xf � Axf; xf�0� � xHf0 (32)

was considered, where xH0 and xHf0 are the initial conditions of the

initial and final orbits of the HCW system. The feedback control

u ��R�1BTX�; �� x � xf (33)

was employed and its L2- and L1-norms were computed. It was also
applied to Eq. (9) with x�0� � xH0 . In either case, numerical
simulations show that theL2-normof the feedback converges to zero,
and that theL1-norm decreases monotonically to a positive constant.

In the next section, the feedback controller (33) is employed for
the reconfiguration problem of the nonlinear system (29). As
performance indices, the L1- and L2-norms and the settling time are
computed as functions of a parameter of R. Then the performance
indices are comparedwith those of [22]. The feedback controller (33)
locally stabilizes Eq. (29), and the feedback controller

u ��R�1BTX� � �g�x� � g�xf�� (34)

stabilizes globally. Hence, the L1-norm of the feedback (34) is also
calculated for comparison.

VI. Simulation Results

For numerical simulations, a circular orbit of the leader of
height hc � 500 km is considered. Then the period of this orbit is
T � 5677 s, and the orbit rate n� 1:1068 � 10�3 rad=s (see
Table 1), in which the radius of the Earth Re and the gravitational

constant of the Earth � are also given. Let �i; j; k� be the basis
vectors of the inertial frame �X0; Y0; Z0�.

Example 1: Coplanar Formation of Synchronized Case. Consider
two periodic relative orbits denoted by �0 � ��50=R0�i; 0; 0� and
�f � ��5=R0�i; 0; 0�, where R0 � Re � 500, and consider the re-
configuration from �0 to �f. In this case, �X0; Y0; Z0� is the perifocal
reference system of the two orbits. TheX0 coordinates of the perigee
are R0 � a with a� 50 and 5, respectively. Moreover, the leader,
follower, and virtual satellite are initially on the X0 axis so that
t0 � tf0 � 0. Using Eqs. (15) and (16), the initial conditions of the
nonlinear systems (9) and (26) are given respectively by

x0�
��50:0000 0:00000 0:00000 0:11064 0:00000 0:00000 �

xf0�
��5:00000 0:00000 0:00000 0:01104 0:00000 0:00000 �

Initial conditions of the HCW system (8), which start from the same
positions and produce periodic solutions, are given by

xH0 �
��50:0000 0:00000 0:00000 0:11044 0:00000 0:00000 �

xHf0�
��5:00000 0:00000 0:00000 0:01104 0:00000 0:00000 �

They correspond to the two concentric relative orbits [Eq. (7)] with
d� 0 km and a� 50 and 5 km, respectively. The initial phases of
the follower and the virtual satellite are equal, and �� 	. Note that
xf0 andx

H
f0 coincide up to six digits, because thesefinal relative orbits

are small and close to each other. This example does not involve the
out-of-plane motion, and hence the four-dimensional subsystems of
Eqs. (8) and (9) are used for subsequent simulations. As in [22], Q
and R in Eq. (31) are assumed to be diagonal [i.e.,Q� diag�qi� and
R� 10rI with qi � 1:0 � 10�9 (i� 1, 2) and qi � 0 (i� 3, 4). The
controller (33)with parameter r is applied to the nonlinear system (9)
with initial condition x0. The settling time Ts and L1- and L2-norms
of the feedback controller are depicted in Figs. 5–7. As in [22], the

Table 1 Constants and common parameters

Values

Constants
Re 6378.136 km
� 398; 601 km3=s2

Common
hc 500 km
n 1:1068 � 10�3 rad=s
T 5677 s
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settling time is defined as the first time after which inequalities
jxj; jyj< 0:01rmin and j _xj; j _yj< 0:01vmin are satisfied, where rmin is
the minimum distance of a point in the final orbit from its center, and
vmin is the minimum velocity of the follower in the final orbit. The
linear case in the figures corresponds to the initial conditions xH0 and
xHf0, and the nonlinear case corresponds to the initial conditions x0
and xf0. The HCW case gives the performance indices for the
reconfiguration problem of the HCW system (8) and (32). However,
L2- and L1-norms of the feedback control in three cases are
indistinguishable. The L2-norm decreases to zero as r tends to
infinity, confirming the NCVE property, whereas the L1-norm
decreases to a minimum. Minimum values of the L1-norm are
attained at r� 7 and are given in Table 2.

An open-time reconfiguration problem for the HCW system with
impulsive maneuvers was solved in [24]. The minimum total
velocity change is equal to njaf � a0j=2, where a is the size
parameter of a periodic orbit given in Eq. (7). The minimum is
achieved by three impulses along the y axis. The minimum total
velocity change becomesnjaf � a0j if impulses are restricted to the x
direction. In this example, af � 50 km and a0 � 5 km, which yields
njaf � a0j=2� 24:903 m=s and njaf � a0j � 49:806 m=s. The
minimum L1-norm in Table 2 is larger than the minimum total
velocity change by 24%.

For reconfiguration simulations, the parameter is set to r� 4,
which gives a shorter settling timeTs � 17527 s. In this case, theL1-
norm of the feedback control is 43:917 m=s and the controlled
trajectory of the follower is given in Fig. 8. The larger orbit is �0, and
the smaller one is �f. Initial positions of the follower and the virtual
satellite are indicated by a dot and a square.

In the reconfiguration problem of the HCW system [22], the
nonlinear system (29) is replaced by the HCW system:

_�� A�� Bu (35)

The minimum cost of the LQR problem associated with this is
given by �T0X�0, and further minimization with respect to the initial
condition �0 was performed. When the follower is allowed to stay in
the initial orbit and to choose the initial time freely, this determines
the best initial position to start control, whichminimizes theL2-norm
of the controller. Then the L1-norm also decreases. In Fig. 9, L1-
norms are plotted against the initial phase 0 	 � 	 2	. The best
initial position in the nonlinear case is �� 3:92, and in other two
cases, �� 3:97. Finally, the nonlinear feedback (34) with r� 4 is
applied to Eq. (9). The L1-norm is 44:127 m=s and the settling time
is T � 17481 s. The L1-norm increases by 0.5%. This simulation
indicates that the linear feedback controller is also effective for
proximity reconfiguration of the nonlinear system (9) and that no
extra control efforts are needed to replaceHCWorbits by those of the
nonlinear relative dynamics.

Example 2: Coplanar Formation of General Case. Consider the
initial and final two orbits given by � � ��50=R0�i; 0; 0:02� and
�f � ��50=R0�j;�T=4; 0�. The angle between e0 and ef is 	=2. The
perifocal reference system of the initial orbit is �X0; Y0; Z0�. At time
t0 � 0, the leader is on theX0 axis (i.e., in the direction of e0). At time
tf0 ��T=4, the leader was on the negative part of the Y0 axis, which
is the direction of ef. Hence, the perifocal reference system of the
final orbit is ��Y0; X0; Z0�. Then, by Eqs. (15) and (16), the initial
conditions of the follower and the virtual satellite at t0 � 0 and
tf0 ��T=4 are given, respectively, by

x0�
��51:3577 136:747 0:00000 0:00110 0:00000 0:00000 �

xf0�
��0:50000 0:00000 0:00000 0:00110 0:00000 0:00000 �

Using Eqs. (27) and (28), xf�0� is given by

xf�0��
��0:37611 99:9983 0:05522 �0:00017 0:00000 0:00000 �

In this example, the penalty parameters of Example 1 are used. In
Fig. 10, two orbits (�0 and �f) and the controlled trajectory are given.
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Table 2 Minimum L1-norm

Reference periodic orbit Plant L1-norm, m=s

Linear Nonlinear [Eq. (9)] 30.553
Nonlinear Nonlinear [Eq. (9)] 30.776
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Fig. 8 Concentric initial and final orbits and controlled trajectory.
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The initial position of the follower at t0 � 0 is indicated by a dot and
the positions of the virtual satellite at t0 � 0 and tf0 ��T=4 are
shown by squares. The L1-norm of the feedback control (33) is
115:12 m=s, and the settling time Ts � 15008 s. The initial distance
jxf�0� � x0j � 62 and is larger than 45 km of Example 1, which
leads to the increase of the L1-norm. The L1-norm of the nonlinear
feedback (34) in this case is 107:91 m=s, and the settling time
Ts � 16424 s.

Example 3: Noncoplanar Formation. Consider the initial and
final orbits given, respectively, by �0 � ��50=R0�i; 0; 0� and �f�
��5=R0�i; 0; 0; 0:001�. The initial orbit is in the orbit plane of the
leader (coplanar), and its perifocal reference system is �X0; Y0; Z0�.
At time t0 � 0, the leader and the follower are on the X0 axis.
The final orbit is the �� 0:001 rad rotation of the coplanar
orbit � 0f � ��5=R0�i; 0; 0�, and the initial position of the virtual

satellite at tf0 � t0 � 0 is on the �X0 axis, where � �X0; �Y0; �Z0� is the
corresponding perifocal reference system. Then the initial conditions
at t0 � 0 of the follower and the virtual satellite are given by

x0�
��50:0000 0:00000 0:00000 0:11064 0:00000 0:00000 �

xf0�
��5:00344 0:00000 0:00000 0:01105 6:88280 0:00000 �

There are two additional penalty parameters in this example, which
are set as q5 � 1:0 � 10�9 and q6 � 0. In Figs. 11 and 12, the initial
and final orbits and the controlled trajectory are shown in the inertial
frame �X; Y; Z� � �X0; Y0; Z0� and in the rotational frame �x; y; z�,

respectively. The L1-norm of the controller is 45:829 m=s and is
4.4% larger than that of Example 1, although the sizes of �0 and�f are
the same in the two examples. This is due to the fact [24] that the
minimum total velocity change for the reconfiguration in the out-of-
plane motion is twice larger than that in the in-plane motion. Note
that zf0 � 6:88280. The settling time Ts � 17527 s.

VII. Conclusions

The conventional formation problem along a circular orbit
involves periodic solutions of the Hill–Clohessy–Wiltshire equa-
tions.However, amore natural problem is to use periodic solutions of
the nonlinear relative dynamics. This paper has given an explicit
characterization of the initial conditions of the nonlinear relative
dynamics for given initial positions of the leader and the follower in
their inertial orbits. When the two inertial orbits are coplanar, the
initial conditions are given in terms of the initial true anomaly, mean
motion, semimajor axis, and eccentricity of the follower orbit. Any
noncoplanar orbit of the follower can be generated by two successive
rotations of a coplanar orbit around the two axes of the perifocal
reference frame. Based on this fact, the initial conditions in the
noncoplanar case are derived bymultiplying two rotationmatrices on
those of the coplanar case.When the two inertial orbits have the same
size, the preceding initial conditions yield periodic solutions of the
nonlinear relative dynamics.

The formation problem in this paper is to find feedback controls
that steer the follower asymptotically to a periodic solution of the
nonlinear relative dynamics, and the main performance index is the
L1-norm of the control accelerations. The formation problem is
solved as the stabilization of the error dynamics, and hence coplanar
and noncoplanar formation problems are formulated in a unified
manner. The design of feedback controls is based on the null con-
trollability with vanishing energy of the controlled Hill–Clohessy–
Wiltshire equations and the linear quadratic regulator theory,
which ensures the decrease of the L1-norm as the penalty on control
increases. Numerical solutions show that the initial conditions of
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periodic solutions of the Hill–Clohessy–Wiltshire equations and
those of the nonlinear relative dynamics do not differ substantially if
their initial positions are the same. Comparison of the L1-norms of
the feedback controls for the new formation problem and for the
conventional problem also shows that the increase inL1-norm is very
little. Thus, the introduction of the periodic solutions of the nonlinear
relative dynamics to formation problems does not require extra
control efforts.
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